A variable speed of light (VSL) cosmology is described in which the causal mechanism of generating primordial perturbations is achieved by varying the speed of light in a primordial epoch. This yields an alternative to inflation for explaining the formation of the cosmic microwave background (CMB) and the large scale structure (LSS) of the universe. We make use of the δN formalism to identify signatures of primordial nonlinear fluctuations, and this allows the VSL model to be distinguished from inflationary models. In particular, we find that the parameter fNL = 5 in the variable speed of light cosmology. The value of the parameter gNL evolves during the primordial era and shows a running behavior.
I. INTRODUCTION
Inflationary cosmology is successful in explaining the CMB observational data. However, it is not the unique paradigm of the very early universe. For example, we have bouncing cosmology, string gas cosmology, and the variable speed of light (VSL) cosmology [1] . We refer to refs. [3] [4] [5] [6] for comprehensive reviews on bouncing cosmologies and to [7, 8] for reviews on string gas cosmology. It is necessary to obtain an observational signature that can distinguish between the different competing models of the early universe. If primordial B-mode polarization gravitational waves can be detected [9] [10] [11] , then the measured ratio r = tensor/scalar will help to distinguish between the models, for this requires a mechanism to produce a stretching of both scalar perturbation density and gravitational waves to superhorizon scales [1] , so that they can be detected in the CMB. However, a measurement of the tensor mode tilt n t is needed to give a definitive test of the models.
Another important test of competing models is the magnitude of nonlinear perturbations of the scalar and tensor power spectra. In the following, we will calculate the magnitude of the nonlinear perturbations in a version of VSL [1] , using the so-called δN formalism. We will find that the nonlinear perturbations are of order unity, and the non-gaussian parameter f NL and its running behavior g NL are consistent with the Planck Mission data [12] .
II. THE VSL MODEL
The model is formulated using a Friedmann-Lemaître-Robertson-Walker FLRW metric:
with K = 0, +1, −1 for flat, closed and open models. The metric has the group symmetry O(3)×R with a preferred proper comoving time t.
Setting the cosmological constant Λ = 0, the variation of the action with respect to g µν yields the field equation [1] :
where G µν = R µν − 1 2 g µν R, ∇ µ is the covariant derivative with respect to the metric g µν and Φ(x) = c 4 (x). We also obtain the field equation for the scalar "seed" field φ:
where V (φ) is a potential. In the action S, we have made the speed of light c(x) a dynamical degree of freedom. The energy-momentum tensor T µν satisfies the conservation law:
We postulate that fractions of seconds after the big bang c undergoes a large superluminal increase c ≫ c 0 where c 0 is the present measured speed of light. This solves the horizon and flatness problems [1] . Moreover, the primordial quantum scalar matter fluctuations and gravitational wavelengths λ s and λ w , respectively, are 1 From the action principle [1] , we also have the field equation:
where ψµ is a vector field, Bµν = ∂µψν − ∂ν ψµ and W (ψµ) is a potential. For 0|ψµ|0 = 0 the Lorentz group SO(3, 1) is spontaneously broken down to O(3).
stretched superhorizon for c ≫ c 0 and frozen in as classical fluctuation imprints on the CMB:
where ν s and ν w denote the constant values of the scalar and gravitational wave frequencies, respectively. The Friedmann equations in our model are given by
andä
where H =ȧ/a and ρ = ρ M + ρ ψ + ρ φ . The scalar field φ that describes the structure growth "seed" field satisfies the field equation:
We assume that V (φ) = 0 and obtain the solution:
where B is a constant and a * is a reference value for a. For largeφ the kinetic contribution to
will dominate the matter densities ρ M and ρ ψ and the Friedmann equation (7) becomes
Substituting the solution (10), we get
Because the field φ dominates in the early universe, we can neglect the spatial curvature for c = c 0 and we obtain the approximate solution given by
The equation of state for a massless scalar field gives for the exponent n in a(t) ∝ t n the value n = 2/3(1 + w), so for n = 1/3 we get w = 1. For w = 1 the kinetic term
2 dominates the potential term V (φ). A calculation of the power spectra and spectral indices (tilts) for the scalar perturbation density fluctuations and gravitational wave tensor fluctuations yields: n s = 0.96 and the red tilt n t = −0.04 [1] . If we adopt the tensor/scalar ratio bound r < 0.12 [10, 11] , then we have |r/n t | < 3.
III. NON-GAUSSIANITIES IN THE VSL COSMOLOGY
In this section, we first briefly review the standard process of calculating nonlinear perturbations by virtue of the so-called δN formalism. Within the context of the VSL cosmology, primordial fluctuations are seeded by the scalar field φ and, therefore, the mechanism of generating primordial curvature perturbation in the VSL cosmology is analogues to the curvaton scenario [13] [14] [15] [16] . Then, with the assumption that the end of the epoch c ≫ c 0 when c = c 0 is a uniform total density slice, we generalize the δN formalism [17] [18] [19] [20] [21] to be applicable to our case. Afterwards, we analyze the non-gaussianities of primordial curvature perturbations in VSL cosmology.
A. The generalized δN Formalism
On superhorizon scales, if we assume negligible interaction between primordial scalar field φ and other matter fields, the component curvature perturbation on the uniform density slice can be identified as
through the δN formalism, where the subscript i represents the component matter field in the universe.
Having the component curvature perturbation in mind, we can calculate the curvature perturbation on the uniform density slice. In analogy with the curvaton mechanism, it is natural to choose this slice at the end moment of c ≫ c 0 period when c = c 0 . On the uniform density slice we have
where ρ r and ρ φ represent the radiation and scalar field densities, respectively. For the primordial scalar field, the background dynamics behaves as a stiff fluid with an effective equation of state w φ = 1. Then, following Eq. (14), we can obtain [22] :
As a consequence, the curvature perturbation ζ can be derived on the uniform density slice through the relation:
Here, we have introduced the transfer efficiency coefficientr and Ω φ ≡ρ φ /ρ tot is the density parameter for the primordial scalar field. Note that, in a generic case,
, and we have applied the relation w φ = 1. In the VSL cosmology, we have Ω φ = 1, for the scalar field dominates over other matter fields at the end of the primordial era. This implies that the transfer from the scalar field fluctuations into primordial curvature perturbations is very efficient and thus,r = 1. Within the local ansatz of the curvature perturbation, one can expand its form order by order as follows, (19) where ζ 1 is the fluctuation of the Gaussian distribution, and ζ n are the non-Gaussian fluctuations. From the above expansion, we obtain
for the local type. To be general, one can relate the nonlinearity parameters to the bispectrum and the trispectrum via:
where these spectra are associated with the correlation functions as follows:
Moreover, the two point correlation function is related to the regular power spectrum through the relation:
Following the discussion in the previous subsection, one can find that the dynamics of primordial curvature perturbation would be identified by the variation of the generalized VSL e-folding number by making use of the local ansatz. To calculate such a variation, we need to know the evolution of the background universe. The scalar field satisfies the Klein-Gordon equation:
In this phase, a ∝ t 1/3 and, therefore, the Hubble parameter is expressed as
According to the convention of ref. [1] , the primordial scalar field φ is dimensionless. Substituting Eq. (25) into the background equation of motion (24) yields the following solution:
where φ f denotes the value of the scalar field at the end moment of the phase t f when c = c 0 . The coefficient γ is an integration constant that can be determined by the background Friedmann equation. Without loss of generality, we keep γ as a free coefficient and see its effect on the variation of the effective e-folding number.
In our case, the VSL equivalent of the e-folding number is given by
and, correspondingly, the trajectories of the background dynamics can either be described by the phase space of (φ,φ) or that of (N , γ). In this regard, the method of calculating δN is similar to the analysis of [23] . However, the effects of the background evolution of the VSL cosmology upon curvature perturbations are analogous to those occurring in the study of the matter bounce cosmology [24, 25] , where there is no quasi de Sitter expansion. To be explicit, from now on we switch to the phase space of (φ, γ). Consequently, the VSL equivalent of the e-folding number takes the form:
By expanding the scalar field φ, and determining the integration constant γ via φ → φ + δφ and γ → γ + δγ, we can determine the curvature perturbations order by order up to third order:
In the above expression, the subscript ,φ ≡ ∂/∂φ denotes the derivative with respect to φ. After having obtained the expression N in (28), we can explicitly determine the coefficients such as N ,φ . The above expression automatically includes the assumption that the field fluctuations are described before the primordial era by a highly Gaussian distribution. From (26) we get
where W is the Lambert function. As a consequence, we can find
where the contribution of δφ is secondary at superhorizon scales. Inserting the above expression into Eq. (29), we can derive
Recall that the nonlinearity parameters satisfy the relations in (20) . Consequently, these parameters can be identified in the VSL cosmology as follows:
From Eq. (35), we observe that the nonlinearity parameter at second order f NL is a positive constant of order unity and thus is almost scale invariant. However, the nonlinearity parameter at third order g NL is a function of the scalar field during the primordial phase and therefore implies a strong scale dependence.
IV. CONCLUSIONS AND DISCUSSION
We have derived in our variable speed of light (VSL) model the primordial nonlinear fluctuations. We find that the parameter f N L = 5 which is compatible with the Planck2013 result: f N L = 2.7 ± 5.8 [12] . The parameter g N L evolves during the primordial era and displays a running behavior. These result will allow the VSL model to be distinguished from inflationary models and other models such as the bouncing and string gas cosmology models.
